VECTOR NOTATION FOR THE
PREDICTION ERROR FILTER

The equation for the prediction error

e[n] = z[n] + ajz[n — 1] + adx[n — 2] 4+ -+ - + apx[n — P]

can be written as

1] [ z[n — P]
e[n] = a*x[n] where a def ?1 z[n)] def xn — P+ 1]
| ap _ | x[n]
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NORMAL EQUATION DERIVATION

The orthogonality principle requires that

21
L z[n— P] |

e*[n]

)

J

Then substitute e = a*!' @

_0-62_

0

L O -

or E{&[n]le*[n]} = o2t

where ¢ dg {1 o --.

E{2(a*"2)*} = E{2(@"a)} = E{22"" } a = 021

~~

~

Ry

8-
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NORMAL EQUATIONS

Rmaza

2
el

For order P this has the form

0]  Rul
—1] Rel

—P]  Rel

aj

| ap |
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Insert Example 7.1 here.
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AUTOREGRESSIVE MODEL FOR A PROCESS

AR MODEL (w[n] is white noise)

x[n] = —aiz[n — 1] — arx[n — 2] —--- — apx[n — P] + w[n]

CORRELATION FUNCTION DIFFERENCE EQUATION

Rell] + a1 Rell — 1] + -+ + apRy[l — P] = Ruall] = ooh*[—1)

This leads to the Yule-Walker equations:

 R:[0] Ru[—1] oo Rg[-P] 171 7 [ 02 ]
Ra:[l] Ra:[o] Rx[_P+ 1] di — 0
RulP] RelP-1] --- R0 | lap) |oO
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COMPARISON
LINEAR PREDICTION

z[n] o A(z) ——= c[n]
AR MODEL
w[n] o H(2) = A(lz) = z[n]
7= 02

Alz) =1+ aﬂiz_l -+ aEZ_Q + ... 4+ a}}z_P

or A(z) =1+ arz t+arz24 -+ apZ_P



DIRECT FORM REALIZATIONS

PREDICTION ERROR FILTER

z[n] o—e—-=o—on -————— ——

|
-0 o0 £[n]
AR MODEL (ALL-POLE FILTER)
w[n] o—e r — 1 - - oo ——0 I[n]
~ap | o7 BT B
Note: a, = a.
- —— S - ® -0
o P P P
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LINEAR PREDICTION FOR AR PROCESSES

1 z[n]
w[n] —————o= e o A(z) ——m c[n]
L - | L I |
AR model Linear predictor
order P order P’
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FORWARD LINEAR PREDICTION

froa
g[n] = x[n] — z[n]

z[n — P] _
I .rT['n—P+I]$[nI 1 x[n]
Cp Gp_{ eee ay
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BACKWARD LINEAR PREDICTION

z[n — P] _
I .’1:[7/1.—P+1]$[fn'I ] z[n]
b, ceoe bp_, bp
-}

e'ln — Pl=xz[n — P] — &[n — P]

Note: Backward prediction error defined as £°[n] = &'[n — P].
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COMPARISON OF NORMAL EQUATIONS

FORWARD
| RB:[0] Rl
R:[—1] R.|
| Ro[—P] Ral

BACKWARD
" R:[0] Ra
R:[1] Ry
| R:[P] R.

—1]
0]

P — 1]

+ Ry P]

- Ra[0]

1 —052
aip | _ 0
| ap e
1 _0'82,_
b1 _ 0]
bp O
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ANTICAUSAL AR MODEL

MODEL FOR THE PROCESS (w'[n] is white noise)

z[n] = —biz[n+ 1] — boz[n + 2] — - - - — bpz[n + P] + w'[n]

YULE-WALKER EQUATIONS (Anticausal)

‘R,
Ry

_Rx

0] Ryl
—1] Ryl
—P] Rel

P
P — 1]

0]
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SUMMARY OF EQUATIONS

Forward Backward Relations
Normal equations ~ 5 9 a = b*
(linear prediction) Rra =07t Rab=o o2 = ‘752’
Yule—Walker equations 5 = 0 — b*
(AR model) Rya=oge Rab=oje 2 o2,
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LEVINSON RECURSION

e Provides fast solution of Normal equations: computation «
P2 rather than P3.

e (Gives insights regarding linear prediction and AR modeling
— lattice filter structure

— additional fast algorithms

8-13



LEVINSON RECURSION (derivation)

Begin with forward Normal equations of order p:

[ R:[0]  Re[l] o Ralp] ][ (02 ]
Ro[~1] Rq[0] o Ralp—11 | | o | _ |0
LRel-p] Rel-p+1] - Ral0] || @] Lo
7 [ S
€r

and backward Normal equations of order p:

[ Re[0] Re[-11 - Re[-pl 1|1 | [o2]
Ro[l] Re[0] - Re[l—pl | |8§” | _ o0
i Ry _p] ij? _ 1] Ra::O] | bz(?p) | O
) (p) T
R b,
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LEVINSON RECURSION (cont’d.)

Write forward augmented equations for order p — 1:

a, 1 f{gf_l) Tpo1 | | @p-1 ] 05—1
RY | | = =17
| O ] ] f;zl Rz (0] 1L 0 i  Dp
where
[ Ry[1] ]
rp = Rw[z] and Ap = f‘;{lap_l = r;zla,p_l
| Rzlp+1] |
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LEVINSON RECURSION (cont’d.)

Backward augmented equations for order p — 1 are:

1 - _
b,_1 RE Y 1 bp—1 Ip—1
R | | = | = ?
o] |F Rel0] | LO 1 [ A&,

: ) _ =T — I 7 - :
with Aj, =1, 1b, 1 =1, 1by) 1 oOr (in reversed form):

0 Al
- —— 0
R = |
1 2
b1 | _Oé—l_
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LEVINSON RECURSION (cont’d.)

Form linear combination of forward and backward equations:

p—1 p—1 p
f{%) L + c1 - = O + c1 0
L 0 | I Bp_l 1] I Ap . I 0'2,92_1 ]

and compare to

RP g —

x Ap =
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LEVINSON RECURSION (cont’d.)

If ¢q is chosen so that

Ap~+crof =0

then it will follow that

and

e, c1 = —Ap/az?_l

T 0
+ec1 |

_ i Bp—l

1 ‘I'CIA;
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SUMMARY OF STEPS

Iy = Ap/%,gz—l (vp = —c1) 7{9 = A;;/Ug_l
(a, 1 (0 | by 1] 0
II | ap = L — Y - b, = e _%/9 T
| O . _bp_l_ | O ] _&p—l_
IV 02 — 02 . N 0/2 — 0/2 _~A
P p—1~ p=p p p—1 — VpBp
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SIMPLIFICATION

Use: by = ay; o2 =&

p p
Then
2 = 2yl
= o7 1 — (o 1))
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LEVINSON RECURSION ALGORITHM

ro = Rz[1];

08 = Ry[0]

7P)

where 13" = [Rp[1] Ry[2] - Ry [p]]

INITIALIZATION
ag = [1] ;
RECURSION (p=1.2,...
_ Tprifp
Yp >
051
[ ap—1 ] O
Qp L — Tp o
| O a, 1

(1 - |7p|2)0§—1
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IMPLICATIONS OF LEVINSON RECURSION

1. ap = — Yp iImplies a}(?p) = —Y

2. 0p = (1 —|ypl*)oj_y implies |yp| <1 and of <o2_;

Note: For a regular process |yp| <1 (strict inequality).
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Insert Example 8.1 here.
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RECURSION FOR PREDICTION ERRORS

Expressions for the prediction errors are:

p
epln] = ) a§p)*m[n — 1] = a;Tii?p[n] = &;Ta?p[n]
1=0

p ot
sg[n] = 20 b,gp)*a:[n —p+1i] = b;;Ta?p[n] = prazp[n]

where

zpln] = [aln—p] el—p+1] - aln—1] aln] |
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RECURSION FOR PREDICTION ERRORS
(cont’d.)

From the Levinson recursion:

ip—l[n]
aT@pn] = [ arl ) | 0 } -
z[n — p]
x[n]
_7; {O | bp—l}
| Tp—1[n — 1] |
or

pln] = e 1[n] = vel_y[n— 1]
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RECURSION FOR PREDICTION ERRORS

(cont’d.)
Similarly, for the backward prediction error:
xp_q1[n— 1]
bylxpn] = | by | O] |
—p {O | 5';331}

or

hln] = by [n — 1] — ~ffe,1ln]
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PREDICTION ERROR RECURSION AND

LATTICE REPRESENTATION

=
b [n]

1 —Yp

ES

1

*

|

[
{

5p—1[n] —|
eg_l[n — 1] J

(p— Dt
order
filter

Lattice section
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COMPLETE LATTICE REALIZATION FOR
THE PREDICTION ERROR FILTER
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INVERSION OF A LATTICE SECTION

e,ln]

Ep—l[n]
epln] = £, 1] — el yln — 1]

binl = eb_1[n — 1] = Aie,1[n]

ep1[n] = epln] + b1 [n — 1]

52[77,] = 52_1[77, — 1] — v ep—_1ln]

eb_y[n]
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LATTICE FORM OF PEF AND AR MODEL

PREDICTION ERROR FILTER

51[77/] Ez[n]

z[n]

AR MODEL (ALL-POLE FILTER)

wn] 14




REVERSE-ORDER LEVINSON RECURSION

Given the vector a, of coefficients of the P order filter, the
reflection coefficients for order p=P, P—1, P—2,...,1 can be
computed by:

(p)

Tp— —Aap
a1
— 1 =k
—— 1 |7p|2 {ap —I—Wpap}
L O -
2
2 Tp -
o5 1 = (optional)
P 1-— |7p|2
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Insert Example 8.2 here.
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PARTIAL CORRELATION

For random variables {u, w1, ws,...,wy,v} the partial correlation

measures the direct influence of w upon v after removing the
effect of the other variables.

4 u:ﬂ—|—€u, ’U:’b\_l_ev

L osubspace W E{uv*} = E{av"} 4+ E {eue)

/

2

*
PARCOR [u; v] det E{eueg}
£{jf]
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PARTIAL CORRELATION IN TIME SERIES

" Common to forward
and backward prediction.
L
¢ ] ¢
h /'n,—(p—- 1) | | n

n—p

PARCOR [z[n — p]; z[n]] =
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v IS THE PARTIAL CORRELATION'!

T Points combined to form backward error
are orthogonal to forward error.
I I
¢
12 — N

Eleb yln—1leplnl }=F{e} 1 [n—1](ep-1lnl—rpe_1[n-11) }=0

E{eb_ln—1]e;_4[nl}
E{leb_y[n—1]12}

"y = = PARCOR [z[n — p]; z[n]]
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PARTIAL CORRELATION FOR A
FIRST ORDER AR PROCESS

’

“ITTH---

Rl
Correlation function for the
Process ! .
x[n] = px[n — 1] + w[n]
Note that Rz[p] #0 p > 1.
However: — _o\P) =
- Tp ap

-1

p p=1
O p>1

L
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MINIMUM-PHASE PROPERTY OF THE PEF

(PRELIMINARIES)

Causal AR Model

- : » 2[1]
w[n) AI,(z)
Anticausal AR Model
. - - 27
w'{n} Bp(z)

Ap(z) Z a(P) —k
p
Bp(z) = ) blgmzk
k=0
Bp(z) = Ap(1/2")
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MINIMUM-PHASE PROPERTY OF THE PEF
(PRELIMINARIES)

Recursion for the PEF

on] —e= B ——cln]

epln] = e 1[n] — 7l 1 n— 1]

a{n] —= Bie)=2?B,(2) | €'[n]

Ap(2) = Ap 1(2) =2 BY 4 (2)

Ap(z) = Ap_1(2) —ypz PAS 1(1/2%)
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MINIMUM-PHASE PROPERTY OF THE PEF

(p)* _p—1 (p)*
Zp+a Zp —|—...—|—a
Ap(z) — 1 - p

Im A, (2)
z plane
g = ) _ vector phases A (er)

@) z= e <4
4
\ J o

Net change of phase = 27 [# zeros Ap(z) — # poles Ap(z)]

8-37



MINIMUM-PHASE PROPERTY OF THE PEF

(cont’d.)

Ap(2) = Ay 1(2) —pe AL (1/57)
D;Ez)

Dp(2)| g = |0l - | Ap—1(e™)

Thus for a regular  process:

Dp(e?)] < |Ap_1(e*)

A,_1 minimum-phase
— Ap minimum-phase

Ap_l(ef‘*’)

D, (em)
A p(e7)
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EQUIVALENCES FOR AR PROCESSES

R,{0] R,[1] -+ R,[P]

P

Levinson
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SCHUR ALGORITHM
e Computes reflection coefficents and prediction error variance
e Computational requirements like Levinson (x P2)
e Avoids computation of inner product (r]"ﬂl&,p_l)

= suitable for parallel computation
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SCHUR ALGORITHM (derivation)

From the orthogonality principle of linear prediction:
E{eplnla*In — 1} = E{(ep-1[n] — vpep a1ln —1]) 2" n 1]} = 0
[=1,2,...,p

This can be written as

g1l —web 1 ll-11=0; i=1,2....p |

where g and gb are ‘‘gapped functions’ defined as

glll € R: 1) = E{ehnleln — 1))

ghll) Ry, 1) =E{ [nleln — 1]
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GAPPED FUNCTION PROPERTIES
gplll =0, 1<1<p; gl=gilp—11=0, 0<i<p-1

: Gapped function
. |

t T,

: Q—-‘—Q—CT
SRR S K
: Gap

. Gapped function
P=>S
. 1]

ll l Gzlip - l
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ELEMENTS OF THE SCHUR ALGORITHM

yp = gp—l[p]
g b 1]

1. gp_1lpl —wg)_1lp—11=0 =

3. (Recursion of gapped functions)
Rspx[l] _ 1 —7;
nga:[l] _'Y;)* 1

gpll] ] _ { 1 —’Yp] {gp—l[l] ]
gyl | — | = 1 || g5 qlt—1]

Re, qz[]
Rgb_lw[l — 1]

= |
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SCHUR ALGORITHM -
GENERATOR MATRIX FORM

Initialization: Begin with the “generator matrix”

G. def [ 90[0] go[1] gol2] - go[P]]
0 | gQ[0] gdl1] g8l2] --- glPI

_ [ x  Ri1] Ri[2] --- Ri[P]

= | RJ0] Ri[1] R:i[2] - REP]
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SCHUR ALGORITHM (cont’d.)

Step 1: (p=1)

(a) Define
_ goll] _ Ry[1]

= = and vy =11
gd[0]  Rx[O]

71

(b) Shift lower row of Gg and form

G — | 1 -m||x R Ri2] - Ri[P)
L7 =9 1 ]| x Rg[0] Ri[1] -+ RA[P—1]
_ | x o0 gil2] - g1lP]
- x gh1] b2l -+ dhIP] |

(c) Set 0% = g?[l]
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SCHUR ALGORITHM (cont’d.)

Step 2: (p=2)
(a) Define
_ g91[2]

= and 75 =3
g4[1]

2

(b) Shift lower row of (G; and form

G, — 1 =y || x 0 g1[2] .- g1[P]
S e S (LS IRERNN L LA

' x x O g2(3] --- QQ[P]]
x x g5[2] g5[3] - gB[P]

(c) Set 0% = gg[Q]
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SCHUR ALGORITHM (cont’d.)

General step:
(a) Define

(b) Shift lower row of G,_1 and form

o _ 1 - X - 0 g,_1[pl] gg—l[P]
p _,.),1/j 1 X ... X gp_l[p—l] gp—l[P_l]
_ [ x .- x 0 gplp+1] --- gp[P]]
x - x ghlpl ghlp41] -+ gh[P]
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Insert Example 8.3 here.
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SCHUR SYSTOLIC IMPLEMENTATION

MULTIPLY/ACCUMULATE (MAC) CELL
USED IN IMPLEMENTATION

A

|

C—C+ AB C

| B
data out (C)
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SCHUR SYSTOLICIMPLEMENTATION (cont’d.)

FIRST CLOCK CYCLE
Compmes_qu]

M= R,[0] —;1 —7'1 —"1
& R[P-1)Kk—— R,IP]
) |
! ! ! '
R,[0] R,I1] A RYP-2] RIP-1]
—/ v/ —y/ v/
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SCHUR SYSTOLICIMPLEMENTATION (cont’d.)

SECOND CLOCK CYCLE

Computis a12]
M=

—"2 -2

b

gill]

1 ' ' '
a2l == 9B (= & alPl k==

A i I

! | q f
gitl] 912} Coe giP -1 giLPl
-7 -7 -,
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SCHUR ALGORITHM - VECTOR FORM

VECTORS USED IN THE ALGORITHM

o - b1 | gl
gplp + 1] I g]g‘p+1]
i def | p def def | 7P
o= | gplP—1] I = I
gplP] I ng:P—l]
- - gplP] gyl P]
INITIALIZATION
" RX[1] ] " Ry[0]
R:[2 R:[1
B=rilo]  gh=| T gh? = | =
RX[P] | RE[P — 1]
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SCHUR ALGORITHM - VECTOR FORM (cont’d.)

RECURSION (p=1,2,...,P)

top(g),_;)
Yo — 52
p—1
O 1 _ i b(s)
[g};] — Y9p—1 ~ "Y9p-1
b(s)
b _ b(s *
#{(47] = st
o2 = top(gh)

Note: Function *“top’ returns first element of vector.
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SCHUR ALGORITHM IN MATLAB

MAIN LOOP

L=length(g) ;

for

end;

p=2:P+1;

gamma (p) = top(g)/sigma(p-1);
gl=g - gamma(p)*gbs;

gb= gbs - conj(gamma(p))*g;
g=g1(2:L);

gbs=gb(1:L-1);

sigma(p) = top(gb);

L=L-1;

Function top(g) defined as g(1)
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“SPLIT” ALGORITHMS

e Reduce multiplications by an additional factor of 2

e Involve three-term recursion of symmetric variables

e Produce new lattice structures for the PEF

e Both Levinson and Schur-type algorithms exist

e Versions exist for real and complex sequences
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ORDER OF PRESENTATION

e [ he “split” variables and three-term recursion

e Split Normal equations

e Recovery of conventional linear prediction parameters

e Split Levinson algorithms

e Split lattice representations

e Split Schur algorithms
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VARIABLES AND THREE-TERM RECURSION

“SPLIT” VARIABLES

RECURSION
Sp | [ O O |
Sy_
Sp+1 = DBp + 5, — Bpap | 7 '
| O | Sp |0

def * def

with Cp L’ Kp — v, K, and constraint K, 1/Cp real.
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SPLIT NORMAL EQUATIONS

Starting with

it follows that

_Rw[o] Rw[l] Rx[p] ] —Sép)_ gp
Re[~1] Rq[0] - Ralp—1] | | s | _ |
| Relp) Relop ) o RelO) |00 ||

where 7, = 1) = Kpop. The relation of = 02 _1(1 —|yp|*) then
yields

Tp Kyp 2 U
= (1 —[vpl|?) = =  |ap=—F
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RECOVERY OF CONVENTIONAL
LINEAR PREDICTION PARAMETERS

RECOVERY RELATIONS

aP_ 1 1 O 0 _ 1

0 Cp+1

(P) - (P)
(ap ’ determines ap4, etc.)

The constants are found from:

Cp_|_1 = tOD(Sp_I_l) and Kp =
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SPLIT LEVINSON ALGORITHM (8, = 1)

INITIALIZATION

TO:R;U[O]; SO:[Q]; 81:{1—]

RECURSION (p=1,2,...,P)

L ()
k=0
Op — 7_29/7_19—1
[ sp | [0
Sp+1 = +
| O

(compute half)

(compute half)
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SPLIT LEVINSON ALGORITHM (cont’d.)

RECOVERY RELATIONS

 ap | 0 | e
== 8}34_1-—-}(}) —F
C) S}D | (l})
0]23 = K};Tp
1 di(s
where Kp = _ 2(sp41)

Kp  X(sp)
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COMPLEX SPLIT LEVINSON ALGORITHM
(Bp = 1/ap)

INITIALIZATION

To:Rm[O]; 802[2]; 81:{}_]

RECURSION (p=1,2,...,P)

Tp = zp: Raj[k]sl(f) (compute half)
k=0
Bp = Tp—1/Tp
[ sp (0] [O
Sp+1 = Bp + 5, — | 71 (compute half)
0 Sp | 0
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COMPLEX SPLIT LEVINSON ALGORITHM
(cont’d.)

RECOVERY RELATIONS

ap [ 0 0
= Cpy15p+1— Kp +
0| | SP | ap
0129 = K}) Tp
1 1 >(sp41)
where C/ = — : K’ — C/
P+l Cpy1 top(spti1) P S(sp) 11
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Insert Example 8.4 here.
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SPLIT ERROR RELATIONS

SPLIT ERROR

epln] B @] = Kieln] + Kpelln]

THREE-TERM RECURSION FOR ERROR

ep—l—l[n] — ﬁ;ep[n] + Bpepln — 1] — ﬁ;a;(ip_l[n — 1]

RECOVERY RELATION

epln] = Cpiiepyiln] — Kpepln — 1] +epln — 1]
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SPLIT LATTICE REALIZATIONS
SPLIT LATTICE PEF (ORDER P = 3)

1 2 efn—1] eln] 1 eln—1] eyl n]
- - 3 -

&sin]

[ n]

|

71
| L4 L

e;[n] e;ln—1] 2 e3[n] e3[n — 1]

COMPLEX FORM (ORDER P =14)

~1 9 gln=11 _jpelnl 1 eln=1] _ el 1 eln-1]




SPLIT SCHUR RELATIONS

SPLIT SCHUR FUNCTIONS
(analogous to gapped functions)

Rl = (Efeplnla*n—0})"

Up ] =

THREE-TERM RECURSION
(follows from split error recursion)

Up+1[t] = Bpupll] + Bpopll — 1] — Bpapvp—1[l — 1]

INITIALIZATION
wlll = 2R:[] for0<I<P—1
villl = R+ Rl —1] for1<I<P
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SPLIT SCHUR RELATIONS (cont’d.)

SUPPORTING RELATIONS

g vp|p]
T — szhp] — on = p p— p
£ P vpealp— 1
C,11 = BpC K, =L ¢
p+1

Ep+1 = (Bp + ﬁ;)fp — Bpap&p—1 (where &, = 3(sp))

RECOVERY RELATIONS

1
Tp }{p ( p p) (jp }{p ]<p
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SPLIT SCHUR ALGORITHM

INITIALIZATION
" R:[0]
s 2R.|(1
Yo =0; ’vé ) = 5 [1]
I 2R, [P — 1] ]
_ | Rs[1] 4+ R.[O]
v Ry[2] + Ra[1]
V1 = = :
nlPl| | ————————
i R:U[P] +Ra:[P_ 1] )
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SPLIT SCHUR ALGORITHM (cont’d.)

RECURSION*
ap = top(vp)/top(vyYy)
T _Oii/jp—l -
o2 = (1—p)top(vp)
‘o@ | o) ||
’Up+1{ RS N "
vp+1[P] | [Pl | ’Uz(vs) |

*Simplifications shown for the computation of ~«, and

algorithm only.

(s)

— Oép’U

arise in the real
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SPLIT SCHUR ALGORITHM IN MATLAB

MAIN LOOP

gamma (1) =0
L=length(v);
for p=2:P+1;
alpha = top(v)/top(vs_1);
gamma (p) = alpha/(1-gamma(p-1)) -1;
sigma(p) = (1-gamma(p))*top(v);
if p < P+1;
vs = v(1:L-1);
vP = v(L);
vector = [vs,vP] + [0,vs] - alphax*vs_1;
v = vector(2:L);
L=L-1;
vs_1 = vs;
end;
end;
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COMPLEX SPLIT SCHUR ALGORITHM

INITIALIZATION
[ R:[0]
s 2R*[1
Cp =1, §o =481 =2, ’vg)= 5 o[1]
| 2R[P —1] |
_ _ | Ri[1]+ Re[0] '
v R:[2] + Ry [1]
V1 = = :
vlPl | | ————————
‘ © | RE[P1 4+ Ri[P - 1] |
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COMPLEX SPLIT SCHUR ALGORITHM (cont’d.)

RECURSION
tOp('UI(DS_)l) _
Bp = top(vp) Ep+1 = (2ReBp)ép — p—1
Cpr1 = BpCh; Kp = Cpy1 L
Ep+1
1
Yp = —(K* Cr); ag — ?(top(vp))*
Kyp p
‘o(s) | ‘,Uzgs) ] [ 0
_ * (s)
Up+1{ T = t 0 ~ Yp-1
- vp1[P] | upl[P] | ] vff) |
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Insert Example 8.5 here.
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RELATIONS BETWEEN LINEAR PREDICTION
AND TRIANGULAR DECOMPOSITION

LLower-upper Upper-lower
Matrix decomposition decomposition
Raj Raj — LDLL*T Rm — U]_DUUET_T

Ra_jl Ra_jl — (UI].)*TD(;].UI]. Rz;]. — (L—l)*TDzlL—l

e Factors of Rz;l can be expressed in terms of linear prediction
parameters. Factors of Rg can be expressed in terms of
Schur parameters.
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STEPS IN DIAGONALIZATION OF Rg

[ R.[0] - R.[P] 111 0 o 0] [ 0?2 X
Ri[-1] -+ R.[P—1] al? 1 .. 0] |0 &2,
L Rx[_P] ¢ Rx[O] 1 L a(PP) a'(PP—_]_l) . e e 1 ] | O O
Ry
(R0l - RJ-P] J[1 &P oo &7 [62 0 - 0
Rof1] - RJ1-P] | |0 1 o oP | _|x o2 - 0
\_Rx[P] - R.[0] _J_b o 1 | | XX 02,
R
[ 1 0 O1T[ 62 0 0 | [ 02 0 0 |
(1) o o
a; 1 0 X 0% 0 _ | 7 o1 0
_CL(PP)* (PID_)I 1_ | X X 0—%_ _? ? 0'123_

|
o
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TRIANGULAR DECOMPOSITION RELATIONS

The previous steps show that

[ 1 0

0 1

. IR AR
at | Ry |01 | = |0 o O
B ) SR I 0 0 o1 |0 O o

Since the decomposition Rg = LD;L*T or L~1Ra(L-1)*T =Dy
IS unique, it follows that

i 1(1) 0 0 7] [ 08 0 0O |
L-1=| ™ 0 and D=2 7 0
| ap?" ap; 1 |0 0 o |
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GAPPED FUNCTION AND LP PARAMETERS

Impulse 9l=N] :Rf[o]. ---11’,3:[21:\’] 0
response ' .
te;lr‘ms ;f . :
-oraer _
AR model 9l=2] 0
gpl=1] R 0] | R[1]- Rp+1] 0
g,l01 = 02 = ;”[/61”7 2’1?;'(6177%// R.1pi %?
7 /) //
%/ ) 0// %// % v
v,
_ .
/// % ’I{E%E:Iel]l'l.l. %IIIIIII /. /f?- p3 2
gplp+ 11 =80y —wm g lp+1] RT[O] 0
9plp + 2] 0
g, N] R[-2N]-- ~Rf01[| O

(2N + 1) x (2N + 1) reversed correlation matrix
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STEPS IN DECOMPOSITION OF Ry

1 a 1 r 0 0
Ry 0 l ap | — | 90 1 E
: | | g1 0
|0 0 L] ] gprlP] |
Ry =
B 0 0 (52 0 o 171 a 17!
Go/o2 1 0 o2 0 0 | ap
| 51/0% 0 : 5 |
! ! gr[Pl/o% | | O O op | |0 O L]
L D, L
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SUMMARY OF RELATIONS IN Ry = LD;L*

g 5
go/os 1 ,
} 71/01
] !
o5 0 0
2
:2
O O o

[

o

.~>|<T . .
ap_; — O

- OO

CLP —>_
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SUMMARY OF RELATIONS IN Ry = U;D;;U%7

- 1 -1
B - b>|<T L
gplPl/o’p 1 1 — % -~
~b 12 O <— bP—]. —

5 e 90/9G 0 - biT
O ... 0 l
- . 0 0 1
(0B 0 .0 ~
0 12 0 In addition:

DU: O-P—l ~ ~
|00 %0

All factors can thus be written in terms of either the forward or
the backward parameters.
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IMPLICATION OF THE RELATIONS
e For a regular process o2 > 0 for all values of p.
e T his implies that Ry is strictly positive definite.

e For a ‘“predictable’” process there is some value Py such that
0520 for p > Fo.

e T his implies that Ry is only positive semidefinite.
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LATTICE FORM FOR WIENER FILTER

Start with the Wiener-Hopf equation
Rxh=7%;, <= Rgh*=r},
and equation for the filter output
d[n] = hT%[n] = hTz[n]

Solve for filter parameters and insert the result:

~ _ *T _ _ _
dln] = (Rg'rtig)  =ln] = rjp(UT ) Dy UL Maln]

wT Eb[n]
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LATTICE FORM FOR WIENER FILTER (cont’d.)

The Wiener filter output is expressed as

d[n] = w*Teb[n] with W = DUt
and
' gzp_l[n] ' 1 p{PDx L D%P—_lli* S aln— P4 1]
b — 6]D_Q[n] — |10 1 bP__Q* :
=l 5 P 5P2 zln — 1]
_z—:g[n] | 00 | _ | x[n]
Uvgl

8-81



WIENER FILTER IN LATTICE FORM
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